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THE ZILCH ELECTROMAGNETIC CONSERVATION LAW
IN VARIATIONAL CHARACTERISTIC FORM
SAJAD AGHAPOUR, LARS ANDERSSON, AND KJELL ROSQUIST
Abstract. It is shown that the zilch conservation law arises from a Noether
current of a variational symmetry of a duality-symmetric Maxwell Lagrangian.
The action of this symmetry on the duality-symmetric Lagrangian, while non-
vanishing, is a total divergence as required by the Noether theory. The varia-
tional nature of the zilch conservation law was previously known only for some
of the components of the zilch tensor, notably the optical chirality. By con-
trast, our analysis is fully covariant and is therefore valid for all components
of the zilch tensor. The analysis is presented here for both real and complex
versions of duality-symmetric Maxwell Lagrangians.
1. Introduction
Conservation laws of Maxwell’s electromagnetic field equations, while being an
old subject1 going back more than a hundred years, have in the last decades received
renewed attention driven by new developments in both theory and experiment. It
was noted by Lipkin [2] that the pseudoscalar C = E·∇×E+B·∇×B, now referred
to as the optical chirality [3], satisfies a differential conservation law. He also
showed, referring to an observer 4-velocity ua = (1, 0, 0, 0), that C is the component
Z000 = Zabcu
aubuc of a conserved Lorentz covariant tensor named the zilch tensor
Zabc.
2 This tensor represents a collection of conserved currents parametrized by
its first two indices. The pseudoscalar nature of C makes it suitable for use in
experimental investigations involving chiral electromagnetic fields such as circularly
polarized light [3]. In [4], the authors found that the zilch tensor can encode
information about the topology of electromagnetic field lines. Generation of a
chiral current in a rotating photon gas with duality-violating boundary conditions
is studied in [5], where the temperature dependence is compared with that of a
similar effect known for chiral fermions.
While the zilch tensor has been known for several decades as a conserved quantity,
our understanding of its relation to a symmetry of the Maxwell action still contains
some gaps. In particular, a symmetry generator which leaves the standard Maxwell
action invariant and which has the zilch as its Noether current has not been given
in the literature. In earlier work, authors have considered symmetries leading to
conservation of the scalar part C (Deser and Teitelboim [6] and Philbin [7]) and of
a vector part (Calkin [8]) of the zilch tensor. Przanowski et al. [9] related the first
order action of [6] to the zilch by a third order symmetry generator. Both Morgan
and Joseph [10] and Sudbery [11] use a vector Lagrangian which is just the nonzero
trace of the zilch tensor. Using the field tensor as the independent variable, it gives
field equations which are equivalent to the Maxwell equations. They showed that
the Lagrangian constructed in that way is related to the zilch tensor by spacetime
translation symmetries. The significance of this result is not clear to us.
Date: June 12, 2019.
1See [1] for historical references.
2Cartesian coordinates will be used throughout.
1
2 S. AGHAPOUR, L. ANDERSSON, AND K. ROSQUIST
As is well-known, Noether proved that a symmetry of an action leads to a con-
servation law. She also proved the less frequently used converse that a conser-
vation law for some Euler-Lagrange equations emanates from a symmetry of the
corresponding Lagrangian density. We refer to Olver’s book for a comprehensive
account of Noether’s theorems [12, see especially Theorem 5.58]. This equivalence
between symmetries and conservation laws requires the consideration of generalized
symmetries, the generators of which depend not only on the dependent variables
themselves but also on their derivatives up to some (finite) order (see (1.4) below).
The main focus in this work is a clarification of the variational nature of the
zilch conservation law by writing it in characteristic form [12], symbolically as
divZ = Q ·∆, and in full as
∂Zab
c
∂xc
= Qabc∆
c (1.1)
where the characteristic Qabc represents the ab-parametrized components of the
symmetry generator and ∆a = Ea(L) are the Euler-Lagrange expressions for a La-
grangian L(A) as a function of the vector potential. The variation of the Lagrangian
under the symmetry generator Qabc ∂/∂Ac must then be zero modulo a total diver-
gence [12, Sect. 5.3]. The Maxwell equations are invariant under the 1-dimensional
group of duality transformations (see e.g. [1])
Fab → Fab cosα+
⋆Fab sinα
⋆Fab → −Fab sinα+
⋆Fab cosα
(1.2)
It can be shown that the duality transformation (1.2) leads to the conservation
of the physically significant helicity current, cf. [6,13,14]. See also [1] and references
therein. As discussed below, the local symmetries form a Lie algebra. Therefore in
order to relate the duality symmetry to other symmetries using the Lie algebra, it is
necessary to use a duality-symmetric Lagrangian to represent also other symmetries.
When studying the variational aspects of the zilch symmetry we will discuss two
alternative duality-symmetric Lagrangians, one real and one complex described in
Sect.3. These Lagrangians depend on two vector potentials, the standard one,
Aa, and a dual “magnetic” one, Ca. Since the two formulations are essentially
equivalent we treat the real formulation in detail and give a shortened version of
the complex formulation for completeness.
Cameron and Barnett [13] discussed the variation of such a duality-symmetric
Lagrangian with respect to a transformation which in our formalism corresponds
to characteristics of the form Qabc = Fc(a,b). In doing so, they showed that the La-
grangian was left invariant, but only modulo the Euler-Lagrange equations (see [13,
Sect.4]). Therefore their analysis did not in fact establish the variational char-
acter of the transformation according to the Noether theory as described above.
Nevertheless, we will show that the transformation they discussed is a variational
symmetry as defined in [12, Definition 5.51].
In addition to the works mentioned above, a number of authors have discussed
and classified symmetries and conservation laws of the Maxwell equations without
considering possible relations to a variational formulation, notably Fushchich and
Nikitin [15], Pohjanpelto [16], Anco and Pohjanpelto [17].
An important aspect of the characteristic form relation (1.1) is that it is an
identity. In this work we will be careful to make the important distinction in the
Noether theory between equations which are only valid modulo solutions of the field
equations (then said to be valid on-shell) and those that are identities (then said
to be valid off-shell). For example, equation (1.1) implies the on-shell equation
∂Zab
c
∂xc
.
= 0 , (1.3)
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where the notation “
.
=” signifies the on-shell restriction of the equality. When
dealing with symmetries and conservation laws, a common situation is that a given
Lagrangian has a known symmetry and one can then derive a corresponding con-
servation law more or less straightforwardly using Noether theory. It may happen
though, as is the case with the zilch tensor, that a conservation law is known but
not the corresponding Noether symmetry. In this latter case one can look for a
relation of the type (1.1) and in that way identify the corresponding variational
symmetry. However, finding the symmetry using this reverse Noether procedure is
not algorithmic and can be quite difficult. The underlying reason is that neither
the symmetry nor the conservation law is uniquely defined. Rather they are only
determined up to equivalence. The difference between any two equivalent charac-
teristics is said to be trivial if it is zero on-shell. For conservation laws, there are
two kinds of trivialities. The difference between two conserved quantities is said
to be trivial of the first kind if it zero on-shell and trivial of the second kind if its
divergence is identically zero regardless of any field equations. The problem is that
in general, the characteristic form (1.1) of a conservation law is not preserved if the
conserved quantity is replaced by an equivalent one.
The mathematical technique adopted in this note is the jet space formalism
(Olver [12]) in which a symmetry is represented by a linear differential operator.
These symmetries are generated by vector fields on a (finite-dimensional) jet space.
They form a Lie algebra3 and the symmetry structure can in principle be understood
by exploring that algebra without the need for a Hamiltonian formulation. For
the Maxwell theory, the basic n-jet space has the form M (n) = M × Un where
M = (xa, Aa) consists of the spacetime coordinates and the components of the
4-potential while each Uk (k ≤ n) consists of the components of the k’th order
derivatives of Aa. The elements of M
(n) are to be considered as independent in
calculations. By including derivatives of any finite order, this formalism is not
restricted to point symmetries but can also handle generalized symmetries as needed
for the zilch tensor for example. In general, a symmetry generator has the form
ξa
∂¯
∂¯xa
+ φa
∂
∂Aa
(1.4)
where ξa and φa are functions on M for point symmetries and on some jet space
M (n) for generalized symmetries. The bars on the first derivative in (1.4) serves
to indicate that ∂¯/∂¯xa is restricted to act only on explicit occurrences of xa.4
For a point symmetry, v is a vector field on M which generates a Lie group of
transformations. Any symmetry can be represented by a single field Qa = φa −
Aa,bξ
b with the corresponding generator
v = Qa
∂
∂Aa
(1.5)
where the characteristic Qa is a jet space function. It could depend on the co-
ordinates xa, Aa and derivatives of Aa up to a finite order. For the action of a
symmetry on the Lagrangian or the Euler-Lagrange equations one needs to prolong
the symmetry (1.5) (or (1.4)) to take into account its action also on the derivatives
of Aa. For functions on a jet space M
(n), that prolongation is given by
pr(n)v = v +
n∑
k=1
Qa,b1...bk
∂
∂Aa,b1...bk
. (1.6)
3See also [16] for a jet space tutorial adapted to the Maxwell equations.
4For reference we note that Olver in [12] uses an opposite convention and instead refers to the
standard partial coordinate derivative as a “total derivative” Da. Specifically, the relation to our
notation is (∂/∂xa, ∂¯/∂¯xa) ↔ (Da, ∂/∂xa). Our use of the comma notation will always stand for
the standard partial derivative, as in Aa,b = ∂Aa/∂x
b for example.
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The condition for v to be a variational symmetry for a Lagrangian L is
pr(n)v(L) = Ua,a (1.7)
for some jet space field Ua [12, Ch.5]. We emphasize that (1.7) must be an identity,
i.e. be valid off-shell. The corresponding conserved current is then given by
Ja = −Qb
∂L
∂Ab,a
+ Ua . (1.8)
In the case of the zilch tensor, it was first established as a collection of conserved
currents by Lipkin [2] without any known corresponding symmetry. In general, if a
conserved current is a variational symmetry for a Lagrangian L, the conservation
law takes the form
Ja,a = QaE
a (1.9)
where the characteristic Qa and E
a .= 0 are jet space functions. The simplest case
occurs when the relation has the characteristic form
Ja,a = QaE
a(L) . (1.10)
This form of the conservation law therefore neatly expresses the two-way nature of
Noether’s theorem:
variational symmetry⇔ conservation law
For currents depending on higher derivatives of the dependent variables, such as the
zilch tensor, the conservation law corresponding to (1.9) can also include deriva-
tives of the field equations. In that case one can recover the corresponding symme-
try generator by performing partial integrations leading to a modified current J˜a
obeying (1.10). The modified current will then differ from the original by a part
Ka = Ja − Ja, which vanishes on-shell, Ka
.
= 0. The difference Ka itself is said
to be a trivial conservation law of the first kind and the conservation laws J and J˜
are then said to be equivalent. This procedure will be carried out explicitly for the
zilch tensor in Sect.3 where the characteristic form for the zilch conservation law
of the type (1.10) will be established.
2. The zilch tensor
In this section we display for reference the basic algebraic and differential proper-
ties of the zilch tensor. Its original covariant form given by Lipkin was subsequently
simplified by Morgan [18] and Kibble [19] to the form
Zabc =
⋆FadF
d
b,c − Fad
⋆F db,c . (2.1)
Although not apparent from this form, the zilch tensor is symmetric and traceless
with respect to its first two indices
Zabc = Z(ab)c , Z
a
ac = 0 . (2.2)
To show this, it is convenient to express (2.1) in the (vector valued) matrix form as
Zc =
⋆F F,c − F
⋆F,c (2.3)
where F has components F ab. Following Kibble [19] we use the following identity
(valid for any antisymmetric matrix) to verify (2.2)
F ⋆F = 14 tr(F
⋆F ) . (2.4)
Differentiating this expression gives
F ′ ⋆F + F ⋆F ′ = 12 tr(
⋆FF ′) . (2.5)
We can then write the zilch tensor in the form
Zc =
⋆FF,c + F,c
⋆F − 12 tr(
⋆FF,c) = {
⋆F, F,c} −
1
2 tr(
⋆FF,c) (2.6)
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using the anticommutator5 notation in the last equality. In components this ex-
pression reads
Zabc = 2
⋆F d(aFb)d,c −
1
2gab
⋆F deF
e
d,c (2.7)
in which the symmetry of its first two indices is manifest. The traceless property
with respect to its first two indices also follows directly.
To show the validity of the conservation law Zab
c
,c
.
= 0, Kibble used a third form
of the zilch tensor which follows from (2.1) and (2.2) and is given by6 [19]
Zabc =
⋆F d(aFb)d,c − F
d
(a
⋆Fb)d,c . (2.8)
In matrix notation this corresponds to
Zc =
1
2{
⋆F, ∂cF} −
1
2{F, ∂c
⋆F} . (2.9)
Taking the divergence gives
Zc,c =
1
2{
⋆F,F} − 12{F,
⋆F} . (2.10)
where the box operator stands for the d’Alembertian  = gab∂a∂b. Expressing this
divergence in components, the zilch conservation law then reads
Zab
c
,c =
⋆F d(a Fb)d − F
d
(a 
⋆Fb)d
.
= 0 . (2.11)
The conclusion that the divergence vanishes on solutions of the Maxwell equations
follows from the fact that both Fab and 
⋆Fab vanish on-shell.
3. Duality-symmetric Maxwell Lagrangians
Here, we discuss two versions of duality-symmetric Lagrangians for the Maxwell
theory, one real and one complex. In the duality-symmetric theory, the degrees of
freedom are doubled. It becomes equivalent to standard Maxwell theory only after
imposing a duality-constraint, see below. Our aim is to find the symmetry asso-
ciated to the conservation of the zilch tensor and showing that it is a variational
symmetry, i.e. the action which gives rise to the Maxwell equations is invariant un-
der that symmetry. Here, we show this for duality-symmetric Lagrangian. We will
further demonstrate that the zilch tensor is equivalent to the Noether current asso-
ciated to this variational symmetry applied to the duality-symmetric Lagrangian.
The standard Maxwell Lagrangian is given by
L = 14 tr(F
2) = 14F
a
bF
b
a = −κ
abcdAa,bAc,d (3.1)
where Fab = −2A[a,b] is the field tensor expressed in terms of the 4-potential Aa
and κabcd = gc[agb]d is the antisymmetry projector.
7 The Euler-Lagrange equations
then become
Ea(L) = −F ab,b = 0 (3.2)
where Ea is the (first order) Euler operator
Ea =
∂
∂Aa
− ∂b
∂
∂Aa,b
(3.3)
The zilch tensor is invariant under the duality transformation (1.2) but the stan-
dard Maxwell Lagrangian (3.1) is not. To treat the zilch conservation law, we will
consider two versions of duality-symmetric Lagrangians, one using a two-potential
real formalism and one using complex variables, both of these introduced in [14].
The complex field tensor is defined by
Fab =
1
2 (Fab + i
⋆Fab) . (3.4)
5For any two matrices H and K the anticommutator is defined by {H,K} = HK +KH.
6Kibble [19] expressed this form in a different somewhat non-standard notation.
7This tensor projects out the antisymmetric part of any index pair, e.g. M[ab] = κab
cdMcd. It has
the same index symmetries as the Riemann tensor, κabcd = κcdab = κ[ab]cd and κa[bcd] = 0.
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The duality transformation now takes the simple form
Fab → e
−iαFab . (3.5)
To go from the standard Lagrangian to one which is duality-symmetric we can start
from the relations
F 2 = (F + F¯)2 = X1 +X2 (3.6)
where
X1 = F
2 + F¯2 = 12 [F
2 − (⋆F )2] (3.7)
X2 = 2FF¯ =
1
2 [F
2 + (⋆F )2] (3.8)
using the fact that F and F¯ commute which in turn follows from the following
identity, valid for any antisymmetric matrix
F ⋆F = 14 tr(F
⋆F )I (3.9)
where I is the unit matrix. Note that X2 is duality-invariant and is essentially the
(symmetric) stress-energy tensor which is given by
T = −2FF¯ = − 12 (F
2 + ⋆F 2) . (3.10)
It follows that its trace vanishes identically. Therefore, in the standard Maxwell
theory we have thatX1 = 4L. However, we can have a consistent duality-symmetric
formulation if we treat Fab and Gab :=
⋆Fab as independent quantities. They must
then also have independent potentials leading to the introduction of a magnetic
potential Ca such thatGab = −2C[a,b]. Then, formally, trX2 does not vanish as long
as the identification Gab =
⋆Fab is not imposed. Referring to (3.6) we will therefore
used scaled versions of tr T as duality-symmetric Lagrangians in the following. In
addition to the duality transformation (1.2), a corresponding transformation at the
potential level is also needed for expressions involving the potentials. It has the
analogous form
Aa → Aa cosα+ Ca sinα
Ca → −Aa sinα+ Ca cosα
(3.11)
We emphasize that due to the additional degrees of freedom represented by Ca and
its corresponding field strength Gab, the duality-symmetric formulation of Maxwell
theory considered below is an extension of standard Maxwell theory, which becomes
equivalent to the standard theory only after imposing the duality constraint
Gab =
⋆Fab . (3.12)
4. Real duality-symmetric formulation of Maxwell theory
Based on the above discussion (cf. also [13, 14]) we define the real duality-
symmetric Lagrangian
LR = −
1
8 (FabF
ab +GabG
ab) = − 12κ
abcd(Aa,bAc,d + Ca,bCc,d) . (4.1)
Using the notations Ma = EaA(LR) and N
a = EaC(LR), the Euler-Lagrange expres-
sions are
Ma =
1
2F
b
a,b =
1
2Aa −
1
2 (divA),a ,
Na =
1
2G
b
a,b =
1
2Ca −
1
2 (divC),a .
(4.2)
We now introduce the following expression,
Zc =
1
2{G, ∂cF} −
1
2{F, ∂cG} . (4.3)
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which upon imposing the duality constraint (3.12) becomes the zilch tensor (2.9).
In component form, (4.3) is
Zabc = G
d
(aFb)d,c − F
d
(aGb)d,c . (4.4)
Its divergence is then given by
Zc,c =
1
2{G,F} −
1
2{F,G} (4.5)
and in components by
Zab
c
,c = G
d
(a Fb)d − F
d
(a Gb)d . (4.6)
4.1. Characteristic form of the Zilch conservation law. Using the relations
Fab = −4M[a,b] , Gab = −4N[a,b] , (4.7)
we can write the divergence of the zilch tensor in the form
Zab
c
,c = −4G(a
dκb)d
efMe,f + 4F(a
dκb)d
efNe,f . (4.8)
We note that this equation is not in the desired characteristic form since it is
not proportional to the Euler-Lagrange expressions but rather to the derivatives
of those expressions. However, we can deal with this issue by performing partial
integrations leading to
Zab
c
,c = −(4G(a
eκb)e
cdMc),d − 2Gc(a,b)M
c + (4F(a
eκb)e
cdNc),d + 2Fc(a,b)N
c .
(4.9)
This relation can be expressed in the characteristic form
Z˜ab
c
,c = −2Gc(a,b)M
c + 2Fc(a,b)N
c (4.10)
for the modified zilch tensor
Z˜ab
c = Zab
c − 4G(a
eκb)e
cdMd + 4F(a
eκb)e
cdNd . (4.11)
which is equal to the zilch tensor Zab
c on-shell in the duality-symmetric theory.
The difference Zab
c − Z˜ab
c is itself trivially conserved being zero on-shell (referred
to as triviality of the first kind in [12]). From the general (if and only if) form of
Noether’s theorem (Olver [12, Theorem 5.58]) it follows from the relation (4.10)
that the conservation of the zilch tensor comes from a variational symmetry of the
duality-symmetric Lagrangian.
Turning now to the characterization of the explicit form of the corresponding
Noether symmetry, we can identify the coefficients of M c and N c in (4.10) with
the components of the characteristic as
Qabc = −2Gc(a,b) , Pabc = 2Fc(a,b) , (4.12)
leading to the Noether symmetry candidate
vab = Qabc
∂
∂Ac
+ Pabc
∂
∂Cc
= − 2Gc(a,b)
∂
∂Ac
+ 2Fc(a,b)
∂
∂Cc
, (4.13)
which is invariant with respect to the duality transformation (3.11). The infinites-
imal transformations of potential fields under (4.13) are
Ac → Ac − ζ
abGca,b (4.14a)
Cc → Cc + ζ
ab Fca,b (4.14b)
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from which, using Bianchi identities, we have
Fcd → Fcd + ζ
abGcd,ab (4.15a)
Gcd → Gcd − ζ
ab Fcd,ab (4.15b)
for an infinitesimal symmetric matrix ζab of parameters. The transformation gener-
ated by (4.14), (4.15) is the same as in [13, Eq. (6.20), (6.21)]. See [13, Sect. 6.3] for
discussion and references. These symmetries arise from the modified zilch tensor
Z˜ab
c in the duality-symmetric theory, defined in (4.11). As we shall demonstrate in
the next section, the action of the symmetry (4.14), (4.15) on the duality-symmetric
Lagrangian is a total divergence. As emphasized above for Eq. (1.7) this must
hold off-shell in order to qualify as a variational symmetry in accordance with the
Noether’s theorem.
4.2. Zilch-related variational symmetry in the real formulation. We show
that the duality-symmetric Lagrangian (4.1) is invariant under the symmetry gen-
erated by the generalized vector field (4.13) and the conserved current derived from
that symmetry is indeed the zilch current. The prolongation of (4.13) acting on
the duality symmetric Lagrangian gives
prvab(L) = Qabc,d
∂L
∂Ac,d
+ Pabc,d
∂L
∂Cc,d
= Uab
c
,c (4.16)
where
Uab
c = − 12 δ(a
cGde,b)Fde +
1
2δ(a
c F de,b)Gde (4.17)
and we have used the identities
Gcd Fbd,c,a =
1
2 G
cd Fcd,a,b and F
cdGbd,c,a =
1
2 F
cdGcd,a,b , (4.18)
which are consequences of the Bianchi identities F[ab,c] = G[ab,c] = 0. The fact that
(4.16) is a total divergence, verifies that vab is a symmetry which gives rise to a
conservation law from its action on the duality-symmetric Lagrangian. We stress
that equation (4.16) is valid off-shell in the duality-symmetric theory, as required
by the Noether theory. We note that Cameron and Barnett in [13] considered only
symmetries valid on-shell.
The Noether current generated by vab is
Z ′ab
c = −Qabd
∂L
∂Ad,c
− Pabd
∂L
∂Cd,c
+ Uab
c
= − F cdGd(a,b) +G
cdFd(a,b) + Uab
c , (4.19)
where Qabc, Pabc are given in (4.12). The current (4.19) is equivalent to the modified
zilch tensor (4.11), which can be seen from the fact that their difference
Z ′ab
c − Z˜ab
c = 2 (F(a
[cGb)
d] − δ(a
[cGb)eF
d]e + δ(a
[cFb)eG
d]e),d (4.20)
is obviously a trivial current, i.e. one whose divergence (with respect to index c)
vanishes identically (triviality of the second kind). Finally, the difference of the
currents Z ′ab
c and Zab
c is given by
Z ′ab
c −Zab
c =− 4G(a
eκb)e
cdMd + 4F(a
eκb)e
cdNd
+ 2 (F(a
[cGb)
d] − δ(a
[cGb)eF
d]e + δ(a
[cFb)eG
d]e),d , (4.21)
which shows clearly their equivalence involving both kinds of trivialities mentioned
above.
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Remark 4.1. Imposing the duality constraint Gab =
⋆Fab, the last term Uab
c in
the current (4.19) vanishes, as can be seen by a short calculation. The remaining
terms in (4.19) result in
−F cd⋆Fd(a,b) +
⋆F cdFd(a,b) , (4.22)
which we shall denote by Z ′ab
c (in contrast to its nontrivial extension Z ′ab
c in duality-
symmetric formulation). It is a form of the zilch tensor introduced by Anco and
Pohjanpelto8 in [17]. The two forms Zab
c and Z ′ab
c of the zilch tensor are equivalent
in the sense that they contain the same information (off-shell) (cf. [20, p.143]). This
is expressed by the relations
Z ′abc = Zc(ab) (4.23)
and its converse
Zabc = −2Z
′
abc + 3Z
′
(abc) . (4.24)
5. Complex duality-symmetric formulation of Maxwell theory
Using a complex vector potential Aa = Aa + iCa, Maxwell’s equations can be
derived from the duality-symmetric Lagrangian (cf. [14])
L = − 12FabF¯
ab = − 12κ
abcdAa,b A¯c,d (5.1)
where Fab = −A[a,b] and the bar denotes complex conjugation. In [14], the real
and imaginary parts of Aa were taken as the basic field variables. Here, we will
instead use Aa and A¯a as the basic fields. Since they represent linearly independent
combinations of Aa and Ca, they can be used as alternative field variables. They
carry the same number of degrees of freedom (4 each) and are treated as formally
independent. DefiningMa = Ea
A
(L), where EX is the Euler operator for a variable
X , the Euler-Lagrange expressions are given by
Ma = −
∂
∂xb
∂L
∂Aa,b
= 12 F¯
ba
,b (5.2)
and Ea
A¯
(L) = M¯a. Expressed in terms of the potentials they become
Ma =
1
4A¯a −
1
4 (div A¯),a . (5.3)
5.1. Complex formulation of zilch. The complex duality-symmetric formula-
tion of zilch conservation parallels that of the real formulation in Sect. 4. Rewriting
the zilch expression (4.3) in terms of Fab gives
Zc = i{F¯ , ∂cF}+ c.c. (5.4)
or in component form
Zabc = 2iF¯
d
(aFb)d,c + c.c. (5.5)
where “c.c.” stands for the complex conjugate of the preceding expression after the
equality sign. Its divergence is then given by
Zc,c = i{F¯ ,F}+ c.c. (5.6)
or in components
Zab
c
,c = 2iF¯
d
(a Fb)d + c.c. (5.7)
8Our definition of Z′
ab
c is related to Anco and Pohjanpelto’s by an overall minus sign and reorder-
ing the indices to agree with our convention for the conservation law Z′
ab
c
,c
.
= 0.
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5.2. Characteristic form of the Zilch conservation law in the complex
formulation. Using the relation
Fab = −4M¯[a,b], (5.8)
and its complex conjugate, we express (5.7) in the form (cf. (4.9))
Zab
c
,c = −4iFa
dM[d,b] − 4iM[a,d]F
d
b + c.c. . (5.9)
Performing partial integration now leads to a conservation law in the characteristic
form
Z˜ab
c
,c = Qab
cMc + c.c. (5.10)
where
Z˜abc = Zabc − 8iFe(aκb)
ecdMd (5.11)
and
Qabc = −4iFc(a,b) (5.12)
is the characteristic. The corresponding Noether symmetry candidate is then given
by
vab = Qabc
∂
∂Ac
+ Q¯abc
∂
∂A¯c
, (5.13)
which is manifestly duality invariant.
5.3. Zilch-related variational symmetry in the complex formulation. We
show that the duality-symmetric Lagrangian (5.1) is invariant under the symmetry
generated by the generalized vector field (5.13) and the conserved current derived
from that symmetry is indeed the zilch current. The prolongation of (5.13) acting
on duality-symmetric Lagrangian gives
prvab(L) = Qabc,d
∂L
∂Ac,d
+ Q¯abc,d
∂L
∂A¯c,d
= Uab
c
,c , (5.14)
where
Uab
c = −iδ(a
c Fde,b)F¯de + c.c. (5.15)
and we have used the identity F¯cdFbd,c,a =
1
2 F¯
cdFcd,a,b, which is the consequence
of the Bianchi identity F[ab,c] = 0. To verify that this symmetry results in the zilch
tensor as its conserved current, we note that the conserved current is given by
Z ′ab
c = −Qabd
∂L
∂Ad,c
− Q¯abd
∂L
∂A¯d,c
+ Uab
c . (5.16)
To convert this to a current for solutions of the Maxwell equations, we need to
impose the duality constraint (3.12), which breaks the independence of Fab and
F¯ab that has been assumed in this section. One then finds that Uab
c vanishes and
the remaining terms in (5.16) result in the equivalent zilch tensor
Z ′ab
c = 2iF¯d(a,b)F
dc − 2iFd(a,b)F¯
dc (5.17)
(cf. Remark 4.1).
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6. Concluding remarks
We have discussed how the conservation of the zilch tensor is related to a vari-
ational symmetry in accordance with the Noether theory. The fact that the zilch
tensor is conserved has been known since its discovery by Lipkin [2]. In this pa-
per, we have derived the variational symmetry generator for a version of the zilch
tensor in the duality-symmetric theory. The existence of this symmetry generator
is guaranteed by Noether’s theorem. The proof of its variational nature in accor-
dance with (1.9) is given by (4.16). We note that the generator itself was given by
Cameron and Barnett [13], however without proof of its variational nature.
To achieve the direct correspondence between the symmetry generator and the
conservation law in the characteristic form (1.10), it was necessary to augment the
zilch tensor by a trivial addition which vanishes on-shell, see (4.11). This feature
is a reflection of the fact that symmetries and corresponding conservation laws are
in general only determined as equivalence classes of symmetries and conservation
laws. Members of an equivalence class of symmetries or conservation laws can
differ by trivial symmetries or trivial conservation laws respectively [12]. Finally,
we note that the considerations here do not rule out the possibility that the standard
Lagrangian could be invariant under a symmetry that generates the zilch tensor as
a Noether current. In fact, a careful examination reveals that an expression closely
related to (4.13) generates a variational symmetry of the standard Lagrangian. We
will explore this subject in a future work.
Acknowledgements
K.R. and S.A. thank the Albert Einstein Institute, Potsdam, where a substantial
part of this work was done, for hospitality and support. L.A. thanks the Royal
Institute of Technology and University of Stockholm for hospitality and support
during work on this paper.
Appendix A. Alternative forms of the zilch tensor and their
equivalence
For ease of reference, we collect here the different forms of the zilch tensor used in
the paper. In section 2 we discussed the three versions of the zilch tensor introduced
by Kibble [19] in standard Maxwell theory,
Zabc =
⋆FadF
d
b,c − Fad
⋆F db,c (A.1)
= 2⋆F d(aFb)d,c −
1
2gab
⋆F deF
e
d,c (A.2)
= ⋆F d(aFb)d,c − F
d
(a
⋆Fb)d,c . (A.3)
Applying the symmetry transformation associated to the conservation of the zilch
tensor according to Noether’s theorem, we encountered in (4.22) another version of
the zilch tensor, cf. [17],
Z ′ab
c = ⋆F cdFd(a,b) − F
cd⋆Fd(a,b) . (A.4)
The original definition of zilch tensor was made by Lipkin [2] in a form that can be
written more compactly (using the dual field) as
⋆F cdFd(a,b) − F
cd⋆Fd(a,b) + 2 (
⋆F(a
[c Fb)
d]),d . (A.5)
in which the third term is a trivial current and the first two terms coincide with Z ′
in (A.4).
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Appendix B. 1 + 3 decomposition of the zilch tensor
For reference we list the full time-space decomposition of the components of
Kibble’s form (2.1) of the zilch tensor, both before and after imposing the field
equations.
Z000 = u
aubucZabc = E · B˙−B · E˙
.
= −E · (∇×E)−B · (∇×B) (B.1)
Z00i = u
aubeciZabc = (E
jBj,i −B
jEj,i)
.
= Zi00 + [(E · ∇)B− (B · ∇)E]i (B.2)
Zi00 = e
a
i u
bucZabc = (E× E˙+B× B˙)i
.
= [E× (∇×B)−B× (∇×E)]i (B.3)
Zi0j = Z0ij = u
aebie
c
jZabc = ǫikl(E
kEl,j +B
kBl,j)
= −δij(E · (∇×E) +B · (∇×B)) + (∇× E)iEj + (∇×B)iBj
− ǫi
kl(Ej,kEl +Bj,kBl)
.
= Zij0 − Ei(∇× E)j −Bi(∇×B)j − ǫi
kl(Ej,kEl +Bj,kBl) (B.4)
Zij0 = e
a
i e
b
ju
cZabc = δij(E · B˙−B · E˙) + 2E˙(iBj) − 2B˙(iEj)
.
= δijZ000 + 2(∇×B)(iBj) + 2(∇× E)(iEj) (B.5)
Zijk = e
a
i e
b
je
c
kZabc = δij(E
lBl,k −B
lEl,k)− 2E(iBj),k + 2B(iEj),k
= δijZ00k − 2E(iBj),k + 2B(iEj),k (B.6)
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